
if ye>-l /g t .  Note that (34) de termines  the t rans ient  t ime in a column closed at both ends and, consequently, by 
an appropr ia te  choice of the rate of c i rculat ion (x) of the apparatus operating in the scheme i l lustrated in Fig. 
lc ,  the same equil ibrium concentrat ion can be achieved in a much shor te r  t ime. 

NOTATION 

~, mass  flow rate of the liquid through the channel in unit t ime;  D, binary diffusion coefficient;  c~, ther-  
rnal diffusion constant;  p,  density;  fl, volume expansion coefficients;  5, gap, i .e. ,  the distance between thetwo 
cons tan t - t empera tu re  sur faces ;  AT = T2-T1;  T2, T1, t empera tu res  of the heated and cooled surfaces  T = (T 1 + 
T2)/2; % dynamic viscosi ty ;  B, length; L, height of the apparatus ;  z, ver t ica l  coordinate;  x, longitudinal co- 
ordinate;  K = g203f1267 (AT)2B/9[v2D; c, mass  concentrat ion;  ~-*, t r ans fe r  of the purposeful component in the 
ver t ica l  d i rect ion in units of mass  in unit t ime per unit length of the apparatus ;  m* = pS; t, t ime;  f, a rea  of 
t r ansve r se  c ros s  section of the channel; w, rate of flow of the liquid in the channel; Ye = HL/K; w,  O, ~, ~4, 

see Eqs.  (8); u, see Eq. (12); and p, an operator .  Subscripts :  e, upper channel; i, lower channel; 0, initial 
value, and K, end of the apparatus .  

i. 
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STABILITY OF THE INTERPHASE SURFACE IN 

THE FREEZING OF MOIST GROUND 

Yu. S. Danielyan and P. A. Yanitskii UDC 624.131.4/5:625.123 

It is suggested that the formation of ice layers  should be regarded  as a consequence of a loss 
of stabil i ty of the motion of the freezing front. The kinetics of the freezing process  is investi- 
gated and a stabil i ty c r i t e r ion  is obtained. 

The freezing of moist  ground is accompanied by the migrat ion of mois ture ,  i.e., by a redis tr ibut ion of the 
initial mois ture .  Exper iments  show that in different grounds and for different modes of f reezing the redis t r ibu-  
tion of the mois ture  leads to various textures  of the frozen rocks .  In par t icular ,  in cer ta in  eases  ice layers  
are  formed,  and somet imes  monotonic freezing,  etc. ,  occurs .  There are  different ways of descr ibing the var i -  
ous aspec ts  of this phenomenon. Examples  are  given in [1, 2]. Below we c a r r y  out a theoret ical  analysis  based 
on a study of the stabil i ty of the p rocess .  The formation of ice layers  is t reated as a consequence of the loss 
of stabil i ty of the motion of the f reezing front with respec t  to small  per turbat ions.  

The one-dimensional  freezing problem, taking into account the migrat ion of mois ture ,  can be described 
in the following form [31: ,~, 

The initial conditions are  

and the boundary conditions are  

OTi OZTi 

Ot - a~ Ox--- T 

OT2 OZT2 

Ot --  a~ Ox z 

OW - K O~W 

Ot Ox ~ 

, O < x < s ( t ) ,  

s ( t ) < x < I .  

W (x, O) = Wo, G (x, O) = T,~, 

V. I. Muravlenko Giprotyumenneftegaz.  Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal, Vol. 39, No. 1, 
pp. 96-101, July, 1980. Original ar t ic le  submitted July 2, 1979. 
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for x = O  Xi 0Tt = Q t ,  
Ox 

x : L ~ OT~ 
Ox = Q2, W (L, t) = Wo, 

for x = s(t)  

K OW T t ( s f t ) ,  t)=T~(s(t), t ) =  To, q =  --~-x ' 

Ll OT___& __ ~.~ OT~ __ uq  = x v  ( W  - -  W . ) .  

Ox Ox 

To a f i r s t  approximation we can assume that the the rmal  pa rame te r s  are  independent of the tempera ture  
and the mois ture  content. In addition, we will use the quas i - s ta t ionary  hypothesis for the t empera tu re  field. 
Then, the equations for the t empera tu re  distr ibution can be integrated and the problem can be formulated as 
follows: 

OW a2W 

Ot Ox 2 

OW x=~(t) K ~  = q ,  W(L, t)=Wo, W(x, O):W0. 

On the movable boundary the Stefan condition is specified as follows taking migrat ion into account:  

A - -  • = uv  ( W  - -  W. ) .  

Here A = Xj(0T1/0x) -- ~(aT2/ax)  = coast  in view of the quas i - s t a t ionary  hypothesis.  

There  is an express ion  for q in the l i tera ture  of the form q = ~(W-WH).  This condition determines  the 
flow f rom the melted zone intothe frozen zone. However,  one must take into account  that for the same differ-  
ence in the mois ture  content the migrat ion flow depends on the amount  of ice inthe frozen front. The presence 
of ice on the left of the front leads to an additional inflow of liquid into the frozen zone. This is pointed out in 
[4, p. 65] in an exper imenta l  study of the migrat ion of mois ture  into mountain rocks .  A s imi la r  phenomenon 
was observed in [5]. The additional inflow of liquid will be taken into account here in the following form: 

q = K- OW = (~ + f (l-)) (W - -  WH), 
Ox 

where f(/) is a monotonically increas ing  function of the ice content, and l = W - W H  + q / v  is the ice content ofthe 
frozen front. F r o m  Stefan 's  condition on the movable boundary we can write 

A (1) ~ = ,  
ZV 

It is of in teres t  to analyze the stabili ty of the s ta t ionary solution with respec t  to two types of per turbat ions.  
The f i rs t  case cor responds  to the application of a per turbat ion to the mois ture  content in the case of a plane fro-  
zen front. The loss in stabili ty here  may lead to the fromation of icy s t reaks  paral le l  to the front. The second 
case r ep re sen t s  the stabili ty of the solution with respec t  to a small  deformation of the shape of the frozen 
boundary and r ep resen t s  the possibil i ty of "icy tongues" forming,  i.e., layers  of ice perpendicular  to the front. 
We investigated the genera l  case when the mois ture  content var ies  and the shape of the frozen front is s imul-  
taneously deformed.  This enables a single c r i t e r ion  to be obtained reflect ing the stability of the solution with 
respec t  to the two different fo rms  of perturbation.  

In the light of the above we will formulate  the problem which descr ibes  the one-dimensional  migrat ion of 
mois ture  into the melted zone when the frozen front i s  displaced and when A is the difference in the heat fluxes 
at the point, and x = s(t) is a constant 

+-~y-~-) s ( O < x < ~  , - - o o < y < c c ,  (2) 
Ot \ 0,o 

W (x, y, O ) =  Wo, 

lira W = Wo, lira W < o o ,  
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,4 - -  •  = zv  (W - -  W J  ] (:3) 

I( OW } x = s (t), (4) 
Ox = q = ((z + f (v)) ( w - -  w,,)  ] 

w h e r e  F(v) is  a m o n o t o n i c a l l y  d e c r e a s i n g  func t ion ,  and F(v) = f ( A ~ / v ) .  The  mode  of f r e e z i n g  in which  the  m o i s -  
t u r e  con ten t  and the i ce  con t en t  in the  f r o n t  a r e  c o n s t a n t ,  w i l l  be  c a l l e d  s t a t i o n a r y .  The  s t a t i o n a r y  so lu t i on  W ( x -  
v t t  , y) w i l l  be  w r i t t e n  in t he  f o r m  

W - - W o  - - e x p  ( v l ( x - - v l t )  ~ (5) 
lv.-l   K ] 

w h e r e  W K is  the  s t a t i o n a r y  m o i s t u r e  con ten t  on the  f ron t ,  and v 1 is  the  s t a t i o n a r y  v e l o c i t y  d i r e c t e d  a long  the  x 
a x i s .  T h i s  s o l u t i o n  s a t i s f i e d  the  hea t - - conduc t ion  e q u a t i o n  (2). 

Be low we wi l l  i n v e s t i g a t e  the  s t a b i l i t y  of the  s o l u t i o n  (5) by  the s m a l l - p e r t u r b a t i o n  me thod .  The  me thod  
of  ob t a in ing  the m a i n  r e l a t i o n s  in th i s  me thod  is  t aken  f r o m  [6]. 

The  p e r t u r b e d  d i s t r i b u t i o n  of the  m o i s t u r e  con ten t  has  the  fo l lowing  f o r m :  

IV = Wi + e �9 exp (rex --  ipy + nt), (6) 

w h e r e  W t i s  the  u n p e r t u r b e d  d i s t r i b u t i o n  of the  m o i s t u r e  con ten t ,  m and n a r e  c o m p l e x  c o n s t a n t s ,  p is  a r e a l  
c o n s t a n t ,  and e i s  a s m a l l  quan t i t y .  

The p e r t u r b a t i o n  in Eq.  (6) is  p e r i o d i c  a long  the y c o o r d i n a t e  wi th  a f r e q u e n c y  p, and d i s a p p e a r s  a s  x ~ ,  
i . e . ,  the  p e r t u r b e d  d i s t r i b u t i o n  of the  m o i s t u r e  con ten t  s a t i s f i e s  the  fo l lowing  cond i t i on  on the  r i g h t  b o u n d a r y :  

tim W = Wo. 

Th i s  is  a l w a y s  s a t i s f i e d  when m s a t i s f i e s  the  i n e q u a l i t y  Re m <  0. O t h e r w i s e  the  v a l u e s  of m in t h i s  p a p e r  wi l l  
be c a l l e d  e x t r a n e o u s .  S u b s t i t u t i n g  the  r i g h t  s i de  of Eq.  (6) into Eq.  (2) we ob ta in  n =  K ( m 2 - p 2 ) .  The  m o i s t u r e  
con ten t ,  the  m i g r a t i o n  flow on the  m o v a b l e  b o u n d a r y ,  and the v e l o c i t y  of  the  f ron t  can  be r e p r e s e n t e d  in the  
u s u a l  p e r t u r b e d  f o r m  

W = W. + W2 exp (Qt + ipy), 

q = qt + qe exp (.o.t + ipy), 

v = vt + v2 exp (.o_t + ipy). 

(7)  

(8)  

(9)  

H e r e  WK, ql ,  and v 1 a r e  the  u n p e r t u r b e d  v a l u e s  of the  m o i s t u r e  con ten t  and the  m i g r a t i o n  flow on the  f r o z e n  
f ron t  and  the  v e l o c i t y  of  the  f ron t ,  and  in add i t i on ,  

= mvi + Ii 0 ,  2 - -  p2). (10) 

S u b s t i t u t i n g  (6)-(9) in to  Eq.  (2) a s  we l l  a s  the  c ond i t i ons  (3) and (4) we o b t a i n t h e  fo l lowing  r e l a t i o n s :  

K9 
v~ - (~ - -  W J ,  

qt 

q.. = K ms@ (s --- W~) 

q2 + (W~ - -  W.)  v2 + viW2 = O, 

q2 = (WH - -  W~) F;ve + (~z + F d W 2. 

The va lue  of m is  found f r o m  the cond i t i on  for  the l a s t  four  u n i f o r m  l i n e a r  e q u a t i o n s  wi th  the  four  unknown q2~ 
V2, W2, and e to  be c o m p a t i b l e ,  n a m e l y ,  

0 
K~ 

1 qi 

1 0 v~ 

1 - - F s  - - ( c ~ +  F d 

K~ 
qi 

--K m +  -)  
~ 0~ 

0 

0 
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E x p a n d i n g  t h i s  d e t e r m i n a n t  we ob t a in  the  equa t ion  

o r ,  t a k i n g  (10) in to  a c c o u n t  

am q- b ( i i )  

c m + d  

w h e r e  a o = K c ;  
F' l)  ; 

aom 3 + aim 2 .-1- a2m -k- a3 = O, 

a2= d v l - K c p 2 - a ;  a 3 = K p 2 d - b ;  a = - F I ( F I + v 2 )  ; 

(12) 

a 1 = ev  l + K d ;  b = -  ( v l / K ) F I ( F  1 +vl )  , c = K(1 + 
d = - ( F I - v l F ' I ) .  S e p a r a t i n g  the  r e a l  and  i m a g i n a r y  p a r t s  in (10) we ob ta in  the  fo l lowing  r e l a t i o n s :  

Re fl = (vi -{- K Re m) Re m ~ K ( p  z -}- Im2m), (13) 

Im fi = Im m (vi -b 2K Re m). (14) 

B e a r i n g  in mind  t h a t  e a s i l y  v e r i f i e d  i n e q u a l i t y  a d - b c  >0,  in  view of the  w e l l - k n o w n  p r o p e r t y  [7] of  f r a e -  
t i o n a l - l i n e a r  t r a n s f o r m a t i o n s  of the  f o r m  (1I) ,  we can  w r i t e  

sign (Ira ~) = sign (Im m). (15) 

C o m p a r i n g  (14) and  (15) we can  w r i t e  for  the  r o o t s  of  s y s t e m  (10) and (11), hav ing  n o n z e r o  i m a g i n a r y  p a r t s ,  the  
i n e q u a l i t y  

R e m ~ - -  - -  

At  the  s a m e  t i m e ,  fo r  any  m which  s a t i s f i e s  the  r e l a t i o n s  

u s i n g  (13) we c a n  ob t a in  

Lit 

2K 

"0! 
K ~ R e m < 0 ,  

Re ~ ~.~--K ( I ~ m  -~ p2) < O. 

C o n s e q u e n t l y ,  the  c o m p l e x  r o o t s  m c o r r e s p o n d  t o t h e  c a s e  Re  ~2 < 0, o r ,  which  is  the  s a m e  th ing,  u n s t a b l e  s o l u -  
t i o n s  of  the  i n i t i a l  p r o b l e m  c o r r e s p o n d  to  r e a l  r o o t s  of Eq.  (12). 

Owing to the  con t inuous  d e p e n d e n c e  of the  r o o t s  m i o n  the  i n i t i a l  p a r a m e t e r s ,  the  t r a n s i t i o n  f r o m  a s t a b l e  
s o l u t i o n  to  an  u n s t a b l e  s o l u t i o n  ( c R e  m <  0) m a y  o c c u r  e i t h e r  for  m r e a l  and f2 = 0, o r  in the  c a s e  of a change  Ln 
the  s i gn  of  the  c o e f f i c i e n t  a 0 in (12). In  the  l a t t e r  c a s e  one of  the  r o o t s  c h a n g e s  f r o m  - ~  to  +~ o r  v i ce  v e r s a .  
I t  i s  e a s y  to  show tha t  s y s t e m  (10), (11) has  no r e a l  s o l u t i o n s  m for  f~= 0. Conse que n t l y ,  t h i s  t r a n s i t i o n  is  only  
p o s s i b l e  when the s i gn  of  a 0 c h a n g e s .  

We wi l l  c o n s i d e r  the  d e g e n e r a t i o n  of  Eq.  (12) a s  a 0 - - 0 ,  i . e . ,  when F '  1 = - 1 ,  s e p a r a t e l y .  One of the  r o o t s  
m I in t h i s  c a s e  a p p r o a c h e s  +~ o r - ~  d e p e n d i n g  on the  s i gn  of ao/a  1 ( see ,  e . g . ,  [8]). I f  F ' t - - - 1 + 0 ,  th i s  r o o t  goes  
to  +~,  a s  was  m e n t i o n e d  a b o v e ,  o r  r e m a i n s  s t a b l e  o r  e x t r a n e o u s  ( i . e . ,  Re  m > 0) o v e r  the  whole  r e g i o n  1 + F 1' > 0. 
We ob ta in  the  r e m a i n i n g  two r o o t s  m ~ and m ~ for  F '  1 = -  1 

0 - -  (v, .-- F,)-- ] / (v ,  + F,) 2 + 4K2p ~ 
fn 2 2K < 0 ,  

mO = - -  ( v , - -  F,) + V2K(V, + F,) 2 + 4K2p 2 > O. 

The  r o o t  m ~ i s  e x t r a n e o u s ,  and  s u b s t i t u t i n g  m ~ into  (11) we ob ta in  ~2~ < 0. Hence ,  a c c o r d i n g  to  t he  above ,  both  
r o o t s  a r e  s t a b l e  o r  e x t r a n e o u s  fo r  a n y  o t h e r  i n i t i a l  p a r a m e t e r s  a l s o .  

F i n a l l y ,  the  c r i t e r i o n  of  s t a b i l i t y  looks  a s  fo l l ows :  F '  1 > -  1, o r  in d i f f e r e n t  no ta t ion  

A vi 
E <  

z (wo - -  w.)~ Wo - -  w,~ 

I t  c an  be s e e n  f r o m  the  e x p r e s s i o n  ob ta ined  tha t  when the v e l o c i t y  v 1 c h a n g e s  f r o m  s m a l l  to  l a r g e  v a l u e s ,  the  
u n s t a b l e  f r e e z i n g  mode  c h a n g e s  to a s t a b l e  m o d e .  C o n s e q u e n t l y ,  the  u n s t a b l e  mode  e . g . ,  f r e e z i n g  wi th  the  f o r -  
m a t i o n  of i ce  l a y e r s )  m u s t  be  e x p e c t e d  for  s m a l l  v e l o c i t i e s .  S i m i l a r l y ,  a change  in  the  i n i t i a l  m o i s t u r e  con ten t  
f r o m  s m a l l  v a l u e s  to  h igh  v a l u e s  l e a d s ,  o t h e r  c o n d i t i o n s  be ing  equa l ,  to a l o s s  in the  s t a b i l i t y  of the  so lu t ion .  
C o n s e q u e n t l y ,  n o n u n i f o r m  f r e e z i n g  i s  m o r e  l i k e l y  to  be  o b s e r v e d  a t  h igh i n i t i a l  m o i s t u r e  c o n t e n t s .  T h e s e  p r o p -  
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erties of the stability criterion are in good qualitative agreement with the experimentally established facts 
(see, e.g., [9, i0]), characterizing the formation of a cryogenic texture: a) an increase in the rate of freezing 
is characterized by more uniform formation of ice, and b) an increase in the initial moisture content facilitates 
more intense formation of ice. 

The absence in this criterion of the perturbation parameter p (6) enables us to conclude that the loss in 
stability of the freezing process may lead to the formation of layers of ice both parallel and perpendicular to 
the freezing front. 

It should be emphasized that the stability criterion obtained only reflects the necessary conditions for ice 
streaks to form. In other words, the criterion describes the thermal situation in which the loss instability may 

lead to segregation ice separation. In particular, another case is possible when the loss instability leads to a 
periodic distribution of the ice content over the length of the specimen, without the formation of ice inclusions. 
To determine the sufficient conditions for the formation of streaks it is obviously necessary to carry out a 
physical-mechanical analysis of the processes which accompany the crystallization of moisture in the ground 
[ii]. 

In conclusion we note that the development of a fair ly reliable method for the experimental  determination 
of the function f would enable the c r i t e r ion  obtained to be used in pract ical  predictive calculations.  

NOTATION 

s(t), coordinate of the moving front; L, length of the specimen; k, moisture conductivity; W, moisture 
content; ~4, heat of phase transition; WH, amount of unfrozen water; q, flow of moisture from the melted zone 
into the frozen zone; v, velocity of motion of the front; Ti, temperature; Qi, heat flux; Xi, thermal conductiv- 
ity; ai, thermal diffusivity ([ = 1 is the frozen zone and i = 2 is the melted zone); ~, the mass transfer coef- 
ficient; and T H the initial temperature. 
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